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Abstract 

We calculate the heat-kernel coefficients, up to a 2 , for a U(l) bundle 
on the 4-Ball for boundary conditions which are such that the normal 
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specific case considered, there can be a breakdown of ellipticity. 


* dowker@a3. ph. man. ac. uk 
tKlaus.Kirsten@itp.uni-leipzig.de 



The coefficients in the small-time asymptotic expansion of the heat-kernel for 
a second order operator A play important roles both in qnantnm field theory and 
pnre mathematics. For bonnded manifolds, the simplest bonndary conditions are 
those that make the operator self-adjoint, this nsnally being the case when physics 
dictates the conditions. A is typically the Laplacian, A 2 , on a Riemannian manifold, 
M. 

The traditional conditions are Dirichlet and Nenmann, and also a generalisation 
of the latter, sometimes referred to as Robin conditions, bnt which go back at 
least to Newton. Recently, in response to qnestions arising in qnantnm gravity, 
gange theory and string theory, [1-4], a generalised form of Robin conditions that 
involves tangential^ as well as normal derivatives has been fonnd necessary. In the 
mathematical literatnre these conditions are sometimes referred to as oblique. More 
generally, the bonndary condition becomes nonlocal on the bonndary. The operator 
A can remain self-adjoint. 

Some of the lower heat-kernel coefficients (np to aj^) have been evalnated by 
McAvity and Osborn [2] nsing their extension of the recnrsion method developed by 
De Witt, following Hadamard, for closed Riemannian manifolds. Another approach 
has been exponnded by Avramidi and Esposito [3] based on the fnnctorial methods 
most systematically nsed by Branson and Gilkey [5]. They also compnted the 
coefficients in the very special case of a fiat ambient manifold with a totally geodesic, 
fiat bonndary. 

Althongh these bonndary conditions have been the snbject of classical analysis 
(see e.g. [6-9]), the explicit determination of the heat-kernel coefficients is in its 
infancy and in this letter we wish to report on this qnestion nsing the approach 
of special case evalnation as particnlarly described in [10] on the ball. (See also 
[11]). We are able to obtain more information on some higher coefficients that, 
in conjnnction with the fnnctorial techniqne, will aid in determining their general 
forms, shonld these be reqnired. 

The evalnation is somewhat more involved than that for the standard conditions 
which are local on the bonndary so we shall simply ontline the method, giving the 
resnlts and some commentary jnst to show what can be achieved. It will not be 
possible to work in arbitrary dimensions, which was a featnre of [11], rather we will 
be restricted to dimension fonr.Nevertheless, snfficient interesting information will 
emerge to jnstify exposnre now. 

A hidden element of the calcnlation is the free nse of algebraic manipnlation. 
Becanse of the complexity of the expressions, this is almost necessary bnt shonld 
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be viewed simply as convenient bookkeeping. 

McAvity and Osborn [2] have employed a generalised form of Robin conditions, 
written in the way adopted by Avramidi and Esposito [3] 

S = v„ + |(rVj + v.r)-s, (i) 

which involves tangential (covariant) derivatives, Vj, compnted from the indnced 
metric on the bonndary. E* is a bnndle endomorphism valned bonndary vector 
held satisfying = F (onr F^ differs from that in [3] by a factor of i) and S' is a 
hermitian bnndle antomorphism. is, for ns, the outward normal derivative at 
the bonndary. 

The condition on a section of some vector bnndle V is 


BV 


OM 


0 . 


( 2 ) 


The hrst two nontrivial heat-kernel coefEcients for the differential operator 
—A 2 -|- E are written in the form nsed by Avramidi and Esposito, 


«l/2(/) 

^ J dM. 

/Tr(ai-E + a2fl) 

( 3 ) 

Tr (/(to'c + *>2®) +*'i/n) 

+ lf 

O JdM 

where / is a test (‘smearing’) fnnction, fj^ being its normal derivative. The ‘nn- 
merical’ coefEcients compnted by McAvity and Osborn are 
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where = F^Fj. The ai and 02 in (3) are the standard nnmbers for the volnme 
part. 

Finfortnnately in this letter we will be able to show only the nnsmeared resnlts 
(be. / = 1), althongh it is possible to extend the method of [11] to cover the general 
sitnation (Dowker and Kirsten, in preparation). 

As the simplest case, we take K to be a 17(1) bnndle (a complex scalar) and 
the manifold Ai to be the 4-ball so that dAi is the 3-sphere. F* is then jnst a real 
vector held on S^. Nonsingnlar vector helds exist on all odd spheres of conrse. 

The condition (1) can be rearranged 

B = v„-(s-i(v,r-)) + irVi (5) 

Since K is a scalar its covariant derivative is the ordinary one. 

In order to apply the condition (5) we mnst hx on a simple F*. It is always 
advantageons to go to a local frame - say a right invariant one - and introdnce 
anholonomic coordinates throngh a set of dreibeine, 

r = A(,F“, (6) 

where the —iX^ are right angnlar momentnm generators. We thns replace (5) by 

B = d^- S' (7) 

where S' is the bracketed term in (5). 

The condition (2) mnst now be implemented on the modes which here take the 
form of a sum of bonndary modes, 

<!.(*:) = 5: (8) 

a. 

where the harmonics on the d-dimensional bonndary satisfy 

Ao^y(S]) = -A"F(S]) 

and 

= \^ + {d-lf/A. (9) 
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In the present special case d = 3 and the surface harmonics are, conveniently, 
representation matrices of SU{2), 

^a(^) =^mn(^); a = {L,m,n), 


where U stands for the normalised eigenfunctions and = 4L(L + 1) with L = 
0,1/2,1,... so that from (9), z/ = 2L + 1. 

The eigenmodes (8) are hnite at the origin and have nonzero eigenvalues —k‘^. 
There should be another label on $ and C^{k) to take over the role of a which 
would come from solving some secular determinant. We shall not need it. 

In detail, (2) is 


E - S') 




+ = 0 . ( 10 ) 


Now we use the right action 


4, 


( 11 ) 


expressed in matrix form, where the are the standard spin-L angular momentum 
matrices (the 2 is a normalisation factor) and simplify by taking the T" to be 
constants. By a property of the right-invariant dreibeine, T* then has vanishing 
covariant divergence. This means S = S' and also that the integrated flux across 
the boundary, | {V*'V— W vanishes. 

Multiplying (10) by Uml* and integrating over we get, using orthogonality. 


CiLmn) 


Ju{L){kr) 


r—1 


2J,,L)(k) EC''"'”’"'’-f’.J„„,(L) = 0, (12) 


As expected, we can drop the left m labelling, 
special, diagonal choice. 


r.j 




Furthermore, if we make the 


(13) 


the sum in (12) reduces to one term (n' = n) and the (F’s cancel to give 


{dr - S) 


Jr(L)(kr) 


r=l 


- 24(L)(*^)r°n = 0- 


(14) 


We see that the eigenvalues, /c^, depend on n through this generalised Robin 
condition but we have obtained a condition to which our earlier methods can be 
applied, with some modifications which will now be outlined. 
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The general technique has been described in sufficient detail in [10] so that only 
the novelties arising in the present calculation need be indicated. 

The idea is to compute the coefficients from the analytical properties of the 
relevant ^-function which can be found by progressive continuation of an expression 
that incorporates the eigenvalue condition (14) through a contour integral. 

The method involves taking the logarithm of (14) and employing the asymptotic 
behaviour of the Bessel functions in order to perform the continuation systemati¬ 
cally, thereby gradually revealing the C^function’s pole structure. The heat-kernel 
coefficients are related to the residues by a standard formula. 

The condition (14) is slightly rewritten as 

kJl{k) + {u+ 2gn)J^{k) = Q, (15) 


where we have set u — —S — 1 and Tq = —g for notational reasons. Also u = 2L -\-l 
and, for each L, n runs from —L to L. It is the appearance of the n in the last term 
that causes the added complications. 

Shifting the contour to the imaginary axis, the (^-function reads 


C(«) = 


SlUTTS 


TT 


E, 

Lmn 


dz {zv) 


-2s 


A 

dz 


log 


zvll{zv) + {u + 2gn)I^{zi') 


(16) 


As shown in detail in [11] the heat-kernel coefficients are determined solely by the 
asymptotic contributions of the Bessel functions as u ^ oo, but now more care is 
needed since terms like njv have to be counted as of order . 

Applying this technique, one encounters the expression 


log < 1 + 




-1 


OO 

E 

k=l 


vJt) ut 
+ — + 


u + 2gn\^^Uk(t) 


V 


k=\ 


OO 

E 

J=1 


TAu,g,t) 


(17) 




whereby the Tj are defined and t = l/vT+^. For the Olver polynomials, and 
Ufc, see e.g. [12]. 

Asymptotically one finds 

CXD 

C('S) = A_;l(s) -F Aq(s) -F A_^(s) -f ^ Aj(s), (18) 

i=i 
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where A_^(s) and Aq(s) are the same as in Robin bonndary conditions (see [11]). 
The new qnantities are 


A+(s) = 


SinTTS 


TT 




and 


A,(s) = 


SinTTS 


dz (zu) 


dz 

d TAu,g,t) 


^ T Jo 

Lmn 


dz z/J 

In order to proceed it is convenient to express as the hnite snm 

. 0 ) 


T, = E /.A 




(19) 


( 20 ) 


( 21 ) 


with 5 = 2gn/i'. The are easily determined via an algebraic compnter pro¬ 

gramme. 

The next steps are to perform the 2 :-integrations by the identity, 



dz z 


zt^ 

{i + St)y 


1 r(l - s) ~ 1 + (^ + ^)/^) rfc 

2 r(y) ^ klT{{x + k)/2) 

( 22 ) 


and then do the angnlar momentnm snmmation, 


E 

Lmn 


oo L 

^ {2L + 1) ^ . 

L=0,1/2,1,... n=-L 


(23) 


The snm over n may be treated in terms of Bernonlli nnmbers while that over L 
prodnces Hnrwitz zeta fnnctions. In this way, all terms contribnting to a heat-kernel 
coefficient can be determined systematically. 

In addition to the coefficients Gq, ai/ 2 : 'w® hnd 

<»i = |S"l(-2.^S+l + -^-ilog]^) (24) 

Vl-^ 1-^ 9 1-^/ 


where is the sphere volnme. A comparison of this expression with the general 
one, (3), evalnated on the 4-ball in the notation of [3], viz 


yields 


6, = 


12 


«i = ^1*5^1 (3^>o + Sh^+g'^a^) , 


1 - 1 2 4,2 l,_l+g 


1-9^ 


and -br, -I—gr^cTi =1-1-^-log- 

2 ® ^ 1-^2 ^ ^ 1 - 
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Together with the two equations from the conformal properties [3], 

1 9 

6 q — 6 ]^ — -62 + 1 = 0 and 6 q — 2hi — 62 + 4 — = 0 , 

one has three equations for three unknowns, the solution of which gives the known 
answer, (4) [2], 

Going beyond these results, we hnd the next two coefficients on the 4-ball, 


*^3/2 _ S _ 1 ^ 

I 1 p 1_^ (25) 

(1 - ^2)3/2 \^8 48^4 32^2 96 4 8 y ^ ^ 

l-^ 2 \^ 512 48^4 Qg2 512 y 


a 2 _ 29 - 28g^ - / + 90*5 - 30^2^ ^ 90^2 ^ 39^3 
8 pj “ 180{g^ - 1)2 • ^ 

It may be checked that the limit g ^ 0 agrees with known results for Robin condi¬ 
tions. 


Avramidi and Esposito [3] have given general forms for a ^/2 ®2 constructed 

from the allowed geometric objects subject to the restriction that the boundary 
covariant derivative of T* vanishes. Unfortunately this is not so in our case, but 
Avramidi and Esposito’s expression for a ^/2 can be augmented to allow for a nonzero 
covariant derivative without too much effort. For length considerations, this, and 
the comparison with our result, will be carried out elsewhere. 

As is apparent from (4), something odd happens whenever any eigenvalue of r2 
is greater than, or equal to, one. In fact our specihc expressions (24) - (26) exhibit 
branch points and poles at 5r2 = 1 . These singularities can be attributed to a loss 
of ellipticity in the form of a breakdown of the Lopatinski condition, which, when 
satished, guarantees that the system has a unique solution. (See e.g. [6-9].) 

In order to describe this condition, we note hrst that the leading symbol of 
the Laplacian on dAi, = S^, is ici terms of anholonomic 

coordinates. Similarly the leading symbol of the boundary condition (5) is 
and the classic Lopatinski condition requires that the set of equations 


( - + |^)/(r) = 0; /(r)^0 r ^ 00 (27) 


and 

(-a,-r4)/(r)|^^ = ft(« (28) 
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should have a unique solution for any for |^| 7 ^ 0 . 

The relevant solution of the extended collar equation, (27), is 

/(r) = M;(^)exp(- |||r) 


so that (28) reads 


(|«| - r4)«,(«) = l«|(i -s cos«)«,(?) = h(i) 

and there is a clear breakdown of invertibility when > 1 so that the system is 
then not well-posed. w{^) is undetermined on a conical hypersurface in anholonomic 
coordinate space. (The argument extends to the case when the T" are not constant 
and also to a general boundary.) 

This situation is occasioned partly by the reality conditions imposed on the 
quantities occurring in the boundary condition (1). In contrast, for the Euclidean 
string interacting with an electromagnetic held, [13], these conditions produce no 
non-ellipticity, the beta-function, for example, being regular. However the operator 
seems not to be self-adjoint. 

In conclusion we have derived the scalar heat-kernel coefRcients up to a 2 on 
the four-ball for oblique boundary conditions of the simplest kind. An important 
extension would be that to arbitrary dimensions through higher spheres or tori, and 
this is under investigation. 

A case of ‘practical’ interest is quantum gravity. Here however the vector bun¬ 
dle is that of symmetric tensors and the T* are matrices composed from geometrical 
objects. These matrices are such that T^ does not commute with T*, considerably 
complicating the construction of the general forms [3]. The technique of special case 
evaluation could be of assistance in this problem. It remains to be proved that the 
system is elliptic although one expects that it should be. 

In our opinion, the complicated character of the higher coefficients makes their 
explicit general forms uninviting and it seems more likely that their evaluation in 
particular cases will prove more valuable. However, the general form would be 
needed if one were interested in evaluating the effective action from conformal vari¬ 
ation. In four dimensions, this seems prohibitively awkward. The two-dimensional 
case was done in [ 2 ]. 
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